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Movement is amazing
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Why is movement complex?

Dynamics Decision-MakingNoise



Movement speed and accuracy

Image Credit: Principles of Neural Science, 5th Edition, Kandel et al. 2012Schmidt et al. 1979



Schmidt et al. 1979

“Movement‘s inaccuracy increases as 
movement time decreases, primarily 
because of the increased noise involved in 
the stronger muscle contractions.”

Fast movements are less 
accurate than slow ones



Speed-accuracy trade-off attributed 
to signal-dependent noise

Jones, Hamilton and Wolpert, 2002

Force variability increases with the mean force 
in an isometric task



Speed-accuracy trade-off attributed 
to signal-dependent noise

Jones, Hamilton and Wolpert, 2002

Force variability increases with the mean force 
in an isometric task

NMES: Lack of SDN during artificial 
stimulation suggested that noise 
originated from the neural motor 
commands, not the muscle and how it 
produced force.
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Dynamics



Reaching dynamics
• Single-Joint Arm Dynamics (q: joint angle; t: joint torque; I: moment of inertia)

𝜏! = 𝐼!�̈�!



Single-joint vs two-joint dynamics
• Two-Joint Arm Dynamics (q: joint angles; t : joint torques)
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Reaching dynamics are complex
𝜏!
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Immobilize link 2: �̈�!, �̇�! = 0
• What inertia is seen at the shoulder as link 1 accelerates?

𝜏!
𝜏" = 𝑎# + 𝑎$ + 2𝑎% cos 𝑞& + 𝑎& 𝑎& + 𝑎% cos 𝑞&

𝑎& + 𝑎% cos 𝑞& 𝑎&
�̈�#
�̈�&

+ −𝑎%�̇�& sin 𝑞& −𝑎% �̇�# + �̇�& sin 𝑞&
𝑎%�̇�# sin 𝑞& 0

�̇�#
�̇�&

𝑎! = 𝑚!𝑙!"# + 𝐼!
𝑎# = 𝑚#𝑙#"# + 𝐼#
𝑎$ = 𝑚#𝑙!𝑙#"#
𝑎% = 𝑚#𝑙!#



Immobilize link 1: �̈�", �̇�" = 0
• What does the shoulder feel (reaction forces) when link 2 

accelerates?

𝜏!
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Reaching dynamics are significant

Hollerbach and Flash 1985

Legend 
Solid: net joint torque
Dotted : shoulder inertial
Dot-dashed: elbow inertial
Dashed: centripetal
Two dot-dashed: coriolis

Shoulder torque

Elbow torque
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Decision Making: movement redundancy



Decision Making: movement redundancy



Decision Making: movement redundancy



Why do we move the way we do?

Morasso 1981 



Stereotypical movements

Morasso 1981 



Stereotypical, straight reaches

Image Credit: Principles of Neural Science, 5th Edition, Kandel et al. 2012Morasso 1981 



Stereotypical, straight reaches

Morasso 1981 Image Credit: Principles of Neural Science, 5th Edition, Kandel et al. 2012



Minimum Jerk Hypothesis

• A cost function that 
minimizes the derivative 
of acceleration can 
explain stereotypical 
movement trajectories 
and bell-shaped velocity 
profiles.

• Endpoint CS
• Kinematics focused

Flash and Hogan 1985 

𝑥 𝑡 = 𝑥& + 𝑥& − 𝑥' 15𝜏% − 6𝜏( − 10𝜏$

𝑦 𝑡 = 𝑦& + 𝑦& − 𝑦' 15𝜏% − 6𝜏( − 10𝜏$
𝜏 = 𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑒𝑑 𝑡𝑖𝑚𝑒



Dynamics!

• A cost function based on 
force also explains 
movement trajectories.

• Minimize motor costs: 
rate of torque squared

Uno et al. 1989



Minimum variance hypothesis

• Goal is not smoothness but accuracy



Signal Dependent Noise
Force variability increases with the mean force 
in an isometric task

Jones et al. 2002



Saccadic eye movements

Yarbus 1967



Saccadic eye movements

Yarbus 1967

saccadefixation



Saccade properties: asymmetry

Yarbus 1967; Bahill et al., 1975; Collewijn et al., 1988



Signal-dependent noise explains 
asymmetric saccade profiles

Harris and Wolpert, 1998



Interim summary

The motor control system must compensate for signal-
dependent noise.

Movement dynamics are complex and must be accounted 
for to generate a desired movement trajectory.

Cost functions solely based on accuracy or dynamics/motor 
costs alone do not validate representation of effort, fix 
movement duration and thus fail to account for preferred 
movements.



To move fast or to move slow …

Accuracy?
Dynamics?



To move fast or to move slow …





Parkinson Disease (PD)

• Bradykinesia

Kandel and Schwartz, 5th Edition, 2013

• Disease of the basal ganglia
• Loss of dopaminergic neurons in the substantia nigra

• PD patients “choose” to move 
more slowly



Dopamine

Source:
Substantia nigra
VTA

Projections to:
Striatum
Frontal Cortex

Glimcher, Foundations of Neureconomic Analysis, 2011



Dopamine

Schultz et al. Science 1997, Tobler et al. Science 2005



Dopamine

Schultz et al. Science 1997, Tobler et al. Science 2005

Firing rate increases in 
proportion to the expected 
value of the stimulus



Dopamine

Movement 
Control

Decision 
Making ?



Decision making and movement
What: cookie or apple?
How: fast or slow?

People reach faster for candy associated with greater preference.1

1. Sackaloo et al. 2015



Movement utility as sum of 
reward and effort

Basic idea: our choice of action is a reflection of the 
interplay between reward and effort.

H: Movement vigor provides a measure of subjective 
economic utility

reward effort

Utility !!J = R(T )−U(T )

Shadmehr, et. al, 2019, 2016, Yoon et al., 2018



Locomotion and metabolic cost
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An energetically optimal running speed

Steudel-Numbers and Wall-Scheffler (2009)



An energetically optimal step 
frequency

Speed = Step Length x Step frequency

Zarrugh and Radcliffe 1978)



Horses appear to minimize metabolic cost

Hoyt and Taylor (1981)



Metabolic minima in other animals

vmin

vpref

Prange and Schmidt-Nielsen (1970)



Humans can continuously optimize 
metabolic cost

When the effort landscape changes, humans  
track the metabolically optimum.

Selinger et al. (2015)



Movement utility as sum of reward and effort

Basic idea: our choice of action is a reflection of the 
interplay between reward and effort.

reward effort

Utility !!J = R(T )−U(T )



Humans do not always minimize 
metabolic cost

Subjects walking 
downhill do not choose 
the metabolically optimal 
step frequency.

Hunter et al. (2010)



Movement utility as sum of reward and effort

Basic idea: our choice of action is a reflection of the 
interplay between reward and effort.

reward effort

Utility !!J = R(T )−U(T )
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Reaching and metabolic rate

5-minute reaching blocks at different speeds 

N = 15



 		
!er = a+ c

md1.1

T 3
 	
!er = a+ c

mdi

T j

Metabolic Rate:

Shadmehr, Huang and Ahmed, 2016

Reaching and metabolic rate



		
er = aT + c

md1.1

T 2

Metabolic Rate:

 		
!er = a+ c

md1.1

T 3

Movement Energy:

Shadmehr, Huang and Ahmed, 2016

Reaching and metabolic energy



Movement utility as sum of reward and effort

reward effort

Utility !!J = R(T )−U(T )

Basic idea: our choice of action is a reflection of the 
interplay between reward and effort.

H: Movement vigor provides a measure of subjective 
economic utility



Movement utility as sum of reward and effort

		
J = R(T )−aT − cmd1.1

T 2

reward effort

Utility

Basic idea: our choice of action is a reflection of the 
interplay between reward and effort.

H: Movement vigor provides a measure of subjective 
economic utility



Movement Energy (J):

An energetically optimal movement duration

		
er = aT + c

md1.1

T 2

 		
!er = a+ c

md1.1

T 3

Metabolic Rate (J/s):

Duration that minimizes energy:

		
T * = bmdi ( j −1)

a
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Preferred reach duration

Duration that minimizes energy:

		
T * = bmdi ( j −1)

a
⎛

⎝⎜
⎞
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Preferred reach duration

People reach faster than 
energetically optimal

Duration that minimizes energy:

		
T * = bmdi ( j −1)

a
⎛

⎝⎜
⎞

⎠⎟

1
j



Summary
In both walking and reaching, metabolic energy increases with 
movement distance and decreases with duration. 

There is an energetically optimal reach speed. 
People prefer to reach faster than energetically optimal. 

		
T * = bmdi ( j −1)

a
⎛

⎝⎜
⎞

⎠⎟

1
j

 !
!er = a+ c

mdi

T j

Shadmehr et al. (2016)



Movement utility as sum of reward and effort

		
J = R(T )−aT − cmd1.1

T 2

reward effort

Utility

Basic idea: our choice of action is a reflection of the 
interplay between reward and effort.

H: Movement vigor provides a measure of subjective 
economic utility



Temporal discounting of reward

Now Later



reward effort

Duration of the movementTemporal discounting factor

Utility

Movement utility as sum of reward and effort

!!
J = α

1+γT
−U(T )

Basic idea: our choice of action is a reflection of the 
interplay between reward and effort.



reward effort

Duration of the movementTemporal discounting factor

Utility

Movement utility as sum of reward and effort

!!
J = α

1+γT
−U(T )

Basic idea: our choice of action is a reflection of the 
interplay between reward and effort.



		
J = α

1+γT
− (aT + cmd1.1 T 2)

1+γT

Movement utility as sum of reward and effort

Utility

Duration of the movementTemporal discounting factor

reward effort

Basic idea: our choice of action is a reflection of the 
interplay between reward and effort.



		
J = α

1+γT
− (aT + cmd1.1 T 2)

1+γT

Movement utility as sum of reward and effort

Utility

Duration of the movementTemporal discounting factor

reward effort

Basic idea: our choice of action is a reflection of the 
interplay between reward and effort.



optimal duration

Shadmehr, Huang and Ahmed, 2016



optimal
duration

optimal
duration

optimal duration



Effect of reward on reach speed
Young Adults= 26±4yrs, 10F, 10M

Summerside et al. 2018



Experimental Design

Summerside et al. 2018



Experimental Design

Summerside et al. 2018



Summerside et al. 2018

RT Probability Density

Reaction times decrease with reward



Reaction time decreases with reward

Summerside et al. 2018

D in Reaction Time

RT Probability Density



Reach velocity increases with reward

Velocity Profiles (cm/s)

Summerside et al. 2018

Duration (ms)



Summerside et al. 2018

Velocity Profiles (cm/s)

D in Peak Velocity

Duration (ms)

Reach velocity increases with reward



Saccade kinematics are affected by reward

Takikawa et al. 2002, Figure: Shadmehr & Mussa-Ivaldi 2012



optimal
duration

optimal
duration

optimal duration

effort

reward



Mass of the arm affects movement 
speed

Gordon et al. 1994

arm effective mass



Effective mass?

𝜏!
𝜏" = 𝑎# + 𝑎$ + 2𝑎% cos 𝑞& + 𝑎& 𝑎& + 𝑎% cos 𝑞&

𝑎& + 𝑎% cos 𝑞& 𝑎&
�̈�#
�̈�&

+ −𝑎%�̇�& sin 𝑞& −𝑎% �̇�# + �̇�& sin 𝑞&
𝑎%�̇�# sin 𝑞& 0
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• Relationship between the forces and the hand at rest and the resulting 
accelerations



Effective mass?

𝜏)
𝜏* = 𝑎! + 𝑎% + 2𝑎$ cos 𝑞# + 𝑎# 𝑎# + 𝑎$ cos 𝑞#

𝑎# + 𝑎$ cos 𝑞# 𝑎#
�̈�!
�̈�#

𝝉 = 𝐼(𝜃)�̈�

Relationship between the forces at the hand at rest and the resulting 
accelerations

But we want relationship between hand force and accelerations:
𝑭 = 𝑀 𝜃 �̈�

Need to relate joint coordinates to hand coordinates
1. Obtain relationship, h(x), between hand position (x,y), and joint angles (ts,te)

2. Calculate Jacobian: Λ = '(
')

3. With some algebra, Jacobian allows you to transform 𝝉 = 𝐼(𝜃)�̈� to 𝑭 = 𝑀 𝜃 �̈�, and 
thus obtain an expression for 𝑀 𝜃

4. Effective mass is obtained by applying a unit vector acceleration in the given reach 
direction, and calculating the length of the resultant force vector.



Mass of the arm affects movement 
speed

Gordon et al. 1994

		
J = α

1+γT
− aT + cmd1.1 T 2

1+γT

measured

60 cm/s

arm effective mass peak velocity



Mass of the arm affects movement 
speed

Gordon et al. 1994

		
J = α

1+γT
− aT + cmd1.1 T 2

1+γT

measured

60 cm/s

arm effective mass peak velocity



Mass of the arm affects movement speed

Gordon et al. 1994

		
J = α

1+γT
− aT + cmd1.1 T 2

1+γT

arm effective mass peak velocity

measured
model

60 cm/s



Mass of the arm affects decision making

choice probability

measured
model

Left arm Right arm

Goble et al., 2007; Wang and Dounskaia, 2012

The same utility that described the velocity of movements as a function of 
movement direction, also described the movement choices that people made 
when free to reach in any  direction.

		
J = α

1+γT
− aT + cmd1.1 T 2

1+γT
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Mass of the arm affects decision making

Cos et al., 2011

The same utility that described the 
velocity of movements as a function of 
movement direction, also described the 
movement choices that people made. 

		
J = α

1+γT
− aT + cmd1.1 T 2

1+γT



Effect of mass on preferred 
reach kinematics

Bruening et al., in preparation



Summary

Subjects preferred to reach to the stimuli that required transport of a 
smaller mass (Wang and Dounskaia 2012), and did so with a higher velocity (Gordon et al., 1994). 

Subjects move faster toward a rewarded stimulus compared with a non-
rewarded stimulus. (Xu-Wilson et al. 2009, Summerside et al. 2018, Takikawa et al. 2002)

In both walking and reaching, metabolic rate increases with movement 
distance and decreases with duration. (Shadmehr et al. 2016)

There is an energetically optimal reaching speed.
People prefer to reach faster than is energetically optimal. (Shadmehr et al. 2016)!!T

* = cmd1.1 a

 !
!er = a+ c

mdi

T j

These results are consistent with a utility framework which considers the problems of 
decision-making and movement control under a common rubric and suggest that the 
neural systems that are involved in decision making influence the neural systems that 
control our movements.



Take-aways
Movement control has historically been thought to be determined by the need to maximize 
accuracy.

Variables that affect utility of an option also influence the vigor of movements toward that 
option. For example, expectation of reward increases speed of movements, whereas 
expectation of effort decreases this speed. We see this across a range of movements.

These results are consistent with a utility framework which considers the problems of 
decision-making and movement control under a common rubric , and suggest that the 
neural systems that are involved in decision making influence, the neural systems that 
control our movements. Thus diseases that affect one may also affect the other.

This implies that vigor may serve as a new, real-time metric with which to quantify 
subjective utility, and that the control of movements may be an implicit reflection of the 
brain’s economic evaluation of the expected outcome.


